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Background

Asymptotic Notation: Order of Growth

Suppose, in worst case, a problem can be solved by using two
different algorithms, with tfime complexity:

Algorithm A:

f (n) =400n+23

Algorithm B:
g(n)=2n°-1
Which one is better?

3n?

14n+17

3

31

Solution: Ignore the constants

10

300

157

& low-order terms.

100

30,000

1417

1000

3,000,000

14,017

10000

300,000,000

140,017

—~ we use Asymptotic Notation (2, ® dan O)

3n2 > 14n+17

¥ “large enough” n



Order of Growth

n |logan n  nlog,n  n? n° 27 n!

10 3.3 107 3.3100 107 10° 10° 3.6-10°
102 | 6.6 10%2 6.610° 10¢ 10° 1.310°° 9.3.10%7
10° | 10 10° 10104 108 10°

104 13 104 1.3.10° 108 102

10° 17 10° 1.7.10% 1010 1018

106 | 20 108 20107 102 108

Values (some approximate) of several functions important
for analysis of algorithms



(), ® and O notation

~

What does it mean? &

O, {2, and ©
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Names of Bounding Functions

* f(n) = O(g(n)) means C x g(n) is an upper bound T
on f(n);

* fln) =Q (g(n)) means Cx g(n) is a lower bound
on f(n); —L

* f(n) = ©O(g(n)) means C, x g(n) is an upper bound
on f(n) and C, x g(n) is a lower bound on f(n). I




O (big Oh) Notation

f(n) = O(g(n)): g(n) is an asymptotically upper
bound for f(n). /e. f does not grow faster than g.
Formal definition:
O(g(n)) = {f(n):3 ¢>0andng >0
suchthat 0 < f(n) < cg(n)
for all n > ng}.

cgin

Remark: “f(n) = O(g(n))” means that Examples:

1) n? 4 2n = O(n?).
f(n) € O(g(n)). 2) Tzlcu:m;i 100?:)0(712).

(

(

(3) nlogon = O(n?).

(4) n?logon #= O(n?).

(5)Va,b > 1, log,n = O(logyn).

Example: fin)= m+ 20 2 +100.n, then A(n) = Ar).
Proof-
Vv n>0, m+20rnP+100.n <P +20m+100.8 =121.28.

Choose ¢ =121 and n,= 0, then it completes the definition.



(2 (big Omega) Notation

f(n) = Q(g(n)): g(n) is an asymptotically lower
An) bound for f(n).
Co. (1)

Formal definition:
Q(gn)) = {f(n): 3 c>0andng >0

such that 0 < cg(n) < f(n)
forall n > ng}.

Iy

Examples:

(1) 200n2 — 100n = Q(n?) = Q2(n) = Q(1).

2) n? = Q(n).

(3) n? # Q(n?logn).

(3) Does f(n) = O(g(n)) imply g(n) = Q(f(n))?
(4) Does f(n) = €2(g(n)) imply g(n) = O(f(n))?



® (Big Theta) Notation

Co.g(1) f(n) = ©(g(n)): gln) is an asymptotically tight
An) bound for f(n).

Formal definition:
©(g(n)) = {f(n):3 ng>0,cqy>0andcy >0

C..g(n)

such that 0 < c1g9(n) < f(n) < cag(n)
for alln > ng}.

Iy

Examples:
(1) 5n2 — 2n + 5 = ©(n?)
(2) 5n2 —2n+ 5= ©(n? + logn)



Examples of ®

3n2+7n + 8 =0(n?)?

True

P11 n>8 3:n2<3n2+7n +8 <
34 8

4-n?

S o)< f<eg)

0

! } 0-n®<n?<c, n

False, since C1,C2 must be >0




Examples

3?2 —100n+6 = 0O(n?) because 3n° > 3n° — 100n + 6
3n°—100n+6 = O®>) because .01n> > 3n° —100n+ 6
3n% —100n + 6 Z O(n) because c-n < 3n® when n>c

3n2 —100n+6 = Q(n?) because 2.99n° < 3n% — 1001+ 6
3n2 —100n+6 # An) because 3n? — 100n 4+ 6 < n

10
3n2 — 100n + 6 Q(n) because 1019 ' n < 3n? — 100+ 6

3n2 —100n + 6
3n2 —100n + 6
3n2 —100n + 6

@(nz) because O and 2
©(n>) because O only

©@(n) because Q2 only

W Wl

Think of the equality as meaning in the set of functions.
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/ Properties

Note that if Transitivity.
_ - If f = O(g) and g = O(h) then f = O(h).
f(n) = ©(g(n)), . If f = 0(g) and g = Q(h) then f = a(h).
then . If f = ©(g) and g = @(h) then f = ©(h).
Additivity.
f(n) = $2g(n)) and  f(n) =0(g(n))- " "1¢ "oy and g = O(h) then f + 9= Ofh).
In the other direction, if . If f= @(h) and g = @(h) then f + g = Q(h).
. If f = ©(h) and g = O(h) then f + g = ©(h).
f(n) =Q(g(n)) and f(n)=0(g9(n)),
then

f(n) =©(g(n)).

Assignment . Based on the definition of ©, ® and O, prove that

f(n) =0(g(n)) & f(n)=0(g(n))and f(n) =2(g(n))




What does asymptotic property imply for an algorithm?

— t1(n) € O(g1(n)) —

— ta(n) € O(g2(n)) —

How is the
overall
efficiency of
this
algorithm?



Basic asymptotic efficiency classes

1 constant
log n logarithmic
n linear

nlogn n-log-n
n? quadratic
n’ cubic
2° exponential
n! factorial

0(1)| O(log n) O(¥n) |O(n) |O(n log n) |0(n2) |O(n3) |0(2")| O(n2") | O(n!)
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Time efficiency of nonrecursive algorithms £

General Plan for Analysis

Decide on parameter n indicating input size

|dentify algorithm’s basic operation

Determine worst, average, and best cases for input of size n

Set up a sum for the number of times the basic operation is
executed

Simplify the sum using standard formulas and rules




Example 1: Maximum element

ALGORITHM MaxElement(A[0..n — 1])

//Determines the value of the largest element in a given array
/[Input: An array A[0..n — 1] of real numbers
//Output: The value of the largest element in A
maxval < A[Q]
fori < 1ton—1do

if A[i] > maxval

maxval < Ali]

return maxval

T(n) = O(?)



Example 2: Element uniqueness problem

ALGORITHM UniqueElements(A[0..n — 1])

//Determines whether all the elements in a given array are distinct
/[[Input: An array A[0..n — 1]
//Output: Returns “true” if all the elements in A are distinct
/1 and “false” otherwise
fori < Oton —2do

for j «—i+1ton—1do

if A[i]= A[/j] return false

return true

T(n) = O(?)



Example 3: Matrix multiplication

ALGORITHM MatrixMultiplication(A[0..n — 1, 0..n — 1], B[0..n — 1. 0..n — 1])
//Multiplies two n-by-n matrices by the definition-based algorithm
//Input: Two n-by-n matrices A and B
//Output: Matrix C = AB
fori < Oton—1do
forj <0ton - 1do
C[i, j] < 0.0
fork < Oton 1do
C[i, j]1 < Cli, j1+ A[i, k] = Bk, j]
return C

T(n) = O(?)




Example 5: Counting binary digits

ALGORITHM Binary(n)
/[Input: A positive decimal integer n
//Output: The number of binary digits in n’s binary representation
count <1
while » > 1 do
count <— count + 1
n<|n/2|
return count

It cannot be investigated the way the previous
examples are.



